This paper presents the theoretical development of lifting surface theory for the calculation of aerodynamic airforce coefficients for cruciform-tail configurations. The cruciform tail is assumed to vibrate in simple harmonic motion in a subsonic airflow with small amplitude so that linearised aerodynamic theory is valid. Linearised integral equations are formulated that relate the normal velocities with the loadings on the lower and upper fins, and on the half-tailplanes. These integral equations are solved numerically for the loadings and then the generalised airforce coefficients when the cruciform tail oscillates at general frequencies in any antisymmetric mode. The configuration has a common junction chord and the condition is satisfied that the sum of the loadings at the junction is zero. Numerical results are compared with those obtained from Doublet-Lattice (NLRI) method and other theoretical methods wherever possible.
INTRODUCTION
Cruciform-tail configurations are fin-tailplanes of aircraft where the tailplanes are mounted on the vertical fin to allow for significant fin surface above (upperfin) and below the tailplanes (see Figure 1) whereas T-tail configurations are such configurations without the upperfin surface. Cruciform-tail configurations are widely adopted in various aircraft designs, particularly of business jets such as Raytheon Hawker 1000 and Dassault Falcon 200EX.
The investigation of dynamic behaviour of cruciform-tail configurations depends on accurate prediction of unsteady aerodynamic forces acting on the configurations in flight. In particular, it is essential that the oscillatory airforce coefficients are determined to enable aeroelastic investigation of the aircraft designed with cruciform-tail configurations. While there has been concerted research effort in recent years to develop methods in Computational Fluid Dynamics (CFD) for predicting unsteady aerodynamic flows, routine application of these methods in aircraft design is still in its infancy and in some cases not yet practical because the computational cost and the turnaround time for an unsteady flow calculation are still quite considerable even on a modern supercomputer. On the other hand, the development of lifting surface method for calculating linearised oscillatory airforce coefficients for thin wings in subsonic flows has now reached maturity since the early work of Multhopp [1] and Garner [2] . The method, which has since been applied successfully in aircraft design evaluations, is based on approximating the loading distribution by polynomials in the wing coordinates which takes into account of the known singular behaviour of the loading at the edges of the wing and it differs from the doublet-or vortex-lattice method where the loading distribution is replaced by a distribution of concentrated loads on discrete panels of the wing. The method has been extended by Richardson [3] , Acum [4] and Davies [5] and further refined by others, notably, Garner and Fox [6] , Long [7] and Hewitt and Kellaway [8] who improved the accuracy of numerical integration of the spanwise integral representing the loading expression. Further method on improving the accuracy of the numerical integration of the integral was presented by Davies [9] and he subsequently applied the improved lifting surface theory in the calculation of oscillatory airforce coefficients for flat wing [10] and T-tail configurations [11] .
This paper presents a further development of Davies' T-tail theory to deal with cruciform-tail configurations. The same unsteady lifting surface method, which involved the numerical integration of the integral equations relating the loading functions with the downwash boundary conditions, is used for calculating a new set of influence coefficients matrices which include the induced effects due to the presence of the upperfin surface. All the surfaces have a common chord at their junction for this cruciform-tail theory.
Oscillatory airforce coefficients for a typical cruciform-tail configuration undergoing a set of simple harmonic modes have been computed using the present theory and the results are presented mostly in tabulated form. Comparisons were made between the present results and, as far as they are available, other results.
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Theoretical determination of subsonic oscillatory airforce coefficients for cruciform-tail configurations Figure 1 shows the cruciform-tail configuration formed by adding on top of Davies' T-tail an upperfin DCJI. In cyclic order the surface ABCD is denoted as S 1 , surface DEFC as S 2 , surface DCJI as S 3 , and surface DCGH as S 4 . The whole configuration is set in simple harmonic motion with infinitesimal amplitude in a subsonic airstream. It is also taken that all surfaces are nearly parallel to the airstream direction so that linearised aerodynamic theory is applicable for calculating the aerodynamic forces acting on them provided that the normal displacement and hence the normal component of air velocity across these surfaces is prescribed. The cruciform-tail configuration has a common junction line at which all four surfaces meet at a common chord. The half-tailplanes are images of each other in the plane of the fin ABCJID.
MATHEMATICAL FORMULATIONS

Figure 1. A cruciform-tail configuration with its coordinate system
The normals to the surfaces which define the positive direction of the deflection and pressure on each surface are taken in accordance with the cyclic sense as shown in Figure 1 . The dihedral angle of the tailplanes is measured from a horizontal datum through the junction and perpendicular to the plane of the fin. Positive dihedral angle ff is defined when the tailplanes are rotated towards the upperfin without fin movement.
A system of right-handed cartesian coordinates (x, y, z) is introduced relative to which the mean positions of the oscillating surfaces are fixed. The origin O(0, 0, 0) of coordinates is taken to be a point on the junction line CD. The positive direction of x is that of the main airstream and is therefore in the direction of DC. The axis of z is in the plane of the fin S 1 , positive towards the lowerfin end AB. The axis of y is mutually perpendicular to the axes x and z with positive sense to the port side of the configuration to complete a righthanded cartesian coordinate system.
As for the T-tail theory, a local coordinates axis u passing through the point O is introduced as a surface axis for each of the half-tailplanes S 2 and S 4 , and the upperfin surface S 3 . For these surfaces, the positive direction of the axis is towards the tip. The position of a point on one of the surfaces S 2 , S 3 and S 4 is known when its surface coordinates (x, u) are known. For the upperfin surface S 3 , a local coordinate axis u rather than the cartesian axis z is taken in order to conform with the form of the kernel function of the integral equations formulated to account for the induced effects between different surfaces by simply taking the upperfin surface as one half-tailplane surface with 900 dihedral angle. On the half-tailplanes S 2 and S 4 , the points with (x, u) have space coordinates (x, u cos α,-u sin α) and (x,-u cos α,-u sin α) respectively. On the upperfin S 3 , the point with surface coordinates (x, u) has space coordinates (x, u cos π 2 ,-u sin π 2 ) or (x, 0, -u). Equally the position of a point on the lowerfin S 1 is known when its surface coordinates (x, z) are known. On the lowerfin the point with surface coordinates (x, z) has space coordinates (x, 0, z).
When the cruciform-tail configuration is vibrating the displacements normal to the surfaces are defined as positive in the direction of the positive normal as indicated in Figure 1 . For surfaces S k , k = 1, 2, 3, 4, the normal displacements at time t are taken to be N (1) (x, z, t), and N (k) (x, u, t), k = 2, 3, 4 respectively at the point with surface coordinates (x, z) on S 1 and the points with surfaces coordinates (x, u) on surfaces S k , k = 2, 3, 4.
It is assumed that the cruciform tail is capable of oscillation in modes that can be numbered 1,2,3,... etc. For oscillation in mode number q, the normal displacements are
where l is a typical linear dimension of the cruciform tail, f q (1) (x, z), and f q (k) (x, u), k = 2, 3, 4 are modal functions, and b q (t) is the qth generalised coordinate which determines the extent of the displacements of the cruciform tail in the mode number q at the time t.
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For simple harmonic oscillations, the function b q (t) may be expressed as
where ω is the circular frequency of the harmonic oscillation and b q is normally a complex number but may be a real number but the functions f q (1) (x, z), and f q (k) (x, u), k = 2, 3, 4 must all be real.
Corresponding to displacements at points on S k , k = 1, 2, 3, 4, given in equations(1)-(2), there are normal velocity components W (1) (x, z, t), and W (k) (x, u, t), k = 2, 3, 4 at these points which may be expressed as
where (6) (7) are scaled normal velocities, = ωl/V is the frequency parameter and V is the speed of the main stream.
Corresponding to the normal velocity components W (1) (x, z, t), and W (k) (x, u, t), k = 2, 3, 4, there are normal pressure forces L (1) (x, z, t), and L (k) (x, u, t) across the surfaces S 1 , and S k , k = 2, 3, 4, respectively. These pressure forces are called the aerodynamic loadings on the surfaces and reckoned positive when the forces act in the positive normal directions to the surfaces. For harmonic oscillation in the qth mode, the normal pressure forces may be written as
where ᐉ q (1) (x, z; , M), and ᐉ q (k) (x, z; , M), k = 2, 3, 4 are scaled loading functions on the surfaces S 1 , and S k , k = 2, 3, 4, respectively, M = V/a is the Mach number, ρ and a are the air density and speed of sound in the main stream.
The generalised airforce coefficients Q pq (ν, M), p = 1, 2, 3, …; q = 1, 2, 3, …, are given by integrating the loading functions ᐉ q (1) (x, z; ν, M), and ᐉ q (k) (x, z; ν, M), k = 2, 3, 4, that is In order to approximate the loading functions, it is necessary to introduce interpolation polynomials h r (n) (ξ 0 ), r = 1(1)n, each of degree (n -1) in ξ 0 in the chordwise direction and interpolation polynomials g s (m) (η 0 ), s = 1(1)m, each of degree (m -1) in η 0 in the spanwise directions by means of the formulae Making use of these interpolation polynomials, the approximated loading
In order to ensure a unique solution for the loading functions in the evaluation of the integral equations(19)-(21), equations(28)-(30) impose the condition that they vanish at the trailing edges and have the correct singular behaviour near the outer edges of the surfaces. The coefficients A (1) q;r,s , r = 1(1)n, s = 1(1)m 1 ; A (2) q;r,s ; r = 1(1)n; s = 1(1)m 2 ; and A (1) q;r,s , r = 1(1)n, s = 1(1)m 3 , are to be determined so thatᐉ q (1) (x 0 , z 0 ) andᐉ q (k) (x 0 , u 0 ); k = 2, 3 are good approximations toᐉ q (1) (x 0 , z 0 ; , M), and ᐉ q (k) (x 0 , u 0 ; , M); k = 2; 3 respectively. In addition, the loading functions are also required to satisfy the condition of zero loading at the junction (31) which can be satisfied with the expressions(28)-(30) provided (32)
To satisfy condition(31), it has been convenient to select the same number of n chordwise points along the junction line for the loading functions(28)-(30).
The choice of location of points ξ r (n) , r = 1(1)n, and η s (m) , s = 2(1)m is such that the interpolation polynomials (25) and (26) have very convenient properties for our analysis where integrals involving these polynomials occur. These properties are that, for arbitrary functions f(ξ 0 ) and k(η 0 ),
where (34) and (35) It is shown that in Davies' report [10] the chordwise points are given by (36) and that (37) The spanwise points η s (m) , s = 2(1)m, and the integration weights G s (m) , s = 1(1)m can only be obtained by numerical evaluation and the method is given in Appendix A in Davies' report [11] .
By means of substitution of equations(28)-(30) into equations(19)-(21), the approximationw q 
Following equations(16)-(18) and approximations for the loading functions(28)-(30), the approximation Q ij to the generalised airforce coefficients Q ij (, M) in equation (10) can be written
On substitution of equations(28)-(30) and using the parametric coordinates(12)-(14), the approximation Q pq in equation (51) By an application of Flax' reverse flow theorem and variational principle in the same way as in Ref. [11] for the T-tail theory, it can be shown that Q pq differs from Q pq (, M) by a quantity which is second degree and Q pq is stationary for first order variations of coefficients A (k) q;r,s , r = 1(1)n; s = 1(1)m k ; k = 1, 2, 3, with condition(32) being satisfied and provided these coefficients are determined by the following equation
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are the approximated loading functions on surfaces S k , k = 1, 2, 3 analogous to those of equations(28)-(30) resulting from the cruciform-tail configuration executing asymmetric oscillations in stream of speed V in the negative x-direction, and the oscillations being such that the scaled normal velocities on the surfaces S k , k = 1, 2, 3 are the modal functions f p (1) 
. These loading functions can be expressed as Using equations(32) and (67), the coefficients A (1) q;r,1 , r = 1(1)n and A (1) p;i,1 , i = 1(1)n can be eliminated from expression(68)
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The approximation and stationary value Q pq of equation (57) can now be determined by the equation (108)
NUMERICAL INTEGRATION
The methods of integrating numerically the integrals for the matrices [µ p ], [λ q ] and influence coefficients matrices [Λ] are exactly the same as that given in the T-tail theory formulated by Davies and are described in Section 3 of his report [11] .
Note that the introduction of an upperfin surface S 3 has changed some subscripts used in Davies' T-tail report and led to more terms in θ, φ and being added into the above matrices to account for the upperfin influence. Therefore the quantity (2, 3) i,j;r,s in Davies' report is now replaced by (2, 3) i,j;r,s and there are extra terms (1, 3) i,j;r,s , (2, 3) i,j;r,s , (3,1) i,j;r,s , (3, 2) i,j;r,s , and (3, 3) i,j;r,s together with the original terms, making a total of ten terms in from equations(71)-(74). As mentioned previously in the main text, the upperfin surface S 3 is treated as a half-tailplane surface with a dihedral angle of 90˚ so that (3, 1) i,j;r,s and (1,3) i,j;r,s can be evaluated by the same formulae as for (2, 1) i,j;r,s and (1,2) i,j;r,s given by equations and (3-61) in Davies' report with subscripts 2 replaced by 3 and by putting α = π 2 for surface S 3 in the evaluation of w r,s (3,1) (x, u; , M) and w r,s (1,3) (x, z; , M). Numerical integration of terms in φ and θ forming the elements of matrices [µ p ] and [λ q ] are performed using equations(33) and (35) with nk chordwise points and mk spanwise points on surfaces S k , k = 1, 2, 3, respectively. Numerical integration of terms in forming the elements in matrix [Λ] are carried out using Gaussian integration formulae of numerical integration as described in Sections 3.1-3.4 in Ref. [11] with n′ k chordwise points and m′ k spanwise points on surfaces S k , k = 1, 2, 3, respectively.
RESULTS
Calculated results using the present modified program for cruciform-tail configurations performing small amplitude simple harmonic oscillation in a
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Theoretical determination of subsonic oscillatory airforce coefficients for cruciform-tail configurations subsonic stream are presented here to compare with results using other numerical methods as far as they are available. The planforms of the fin and a half-tailplane forming the cruciform-tail configuration used in the present numerical calculations are shown in Figure 2 . 
Cruciform-tail Configuration with Zero Dihedral Angle
The two half-tailplanes are set in the same plane so that α = 0. The typical length l for this case is taken to be the half-tailplane mean chord. The origin O(0,0,0) of the coordinates is chosen as the point D at the leading edge of the common junction line CD.
Approximations Q ij , i = 1(1)3; j = 1(1)3, to the generalised airforce coefficients for = 1.0 and M = 0.8 have been evaluated by using the present method and taking various values of m k and n k ; k = 1(1)3. The inphase and inquadrature parts of Q ij , Q′ ij and Q′′ ij , where Q ij = Q′ ij + ivQ′′ ij , are given in Table 1 together with the corresponding numerical values in brackets from the NLRI program by taking the spanwise × chordwise mesh sizes of 8 × 4 for the halftailplanes and 6 × 4 for the upperfin and 6 × 4 for the lowerfin. 
Cruciform-tail Configuration with a very Small Upperfin (approximate T-tail) or Lowerfin (approximate inverted T-tail) and Zero Dihedral Angle
The upperfin of the cruciform-tail configuration CDIJ shown in Figure 2 is assumed to shrink to very small span from 30 units to 0.5 units so that the configuration approaches a T-tail configuration which has been used as the first case of study and in the second case the lowerfin of the cruciform-tail configuration is assumed to shrink to very small span from 30 units to 0.5 units so that the configuration approaches an inverted T-tail configuration. Calculated results are given for both cases. For these cases the typical length l is taken to be the half-tailplane mean chord. The origin O(0,0,0) of the coordinates is chosen as the point D at the leading edge of the common junction line CD. The same three modes of oscillation as above are considered and approximations Q ij , i = 1(1)3, j = 1(1)3 to the generalised airforce coefficients for = 1.0 and M = 0.8 have been evaluated by using the present method and taking for the approximate inverted T-tail. The in-phase and in-quadrature parts of Q ij obtained from the present cruciform program are given in Tables 2 (for T-tail) and 3 (for inverted T-tail) together with corresponding numerical values calculated from Davies' T-tail program by taking values for m 1 = 6, m 2 = 8, n 1 = n 2 = 3, and the results from the NLRI program calculated by taking the mesh sizes 8 spanwise × 4 chordwise panels for half-tailplanes and 6 spanwise × 4 chordwise panels for the fin.
Comparisons of the numerical values of Q ij are generally good except for the real part of Q ij when i = 3, j = 2 for the T-tail case. However the magnitude of Q′ 32 is so much smaller than the magnitude of Q′′ 32 that the differences in Q 32 are not really significant. 
Cruciform-tail Configuration with a range of values of Dihedral Angle and Frequency Parameter
The typical length l is taken to be the half-tailpane mean chord. The origin O(0,0,0) of the coordinates is chosen as the point D at the leading edge of the common junction line CD. The same three modes of oscillation as above are considered and approximations Q ij , i = 1(1)3, j = 1(1)3 to the generalised airforce coefficients for = 0.0000001 and for = 1.0, M = 0.8 for different values of dihedral angle ranging from α = -π 6 to α = π 6 at intervals of π 2 , and approximations Q ij , i = 1(1)3, j = 1(1)3 for a fixed dihedral angle α = 0, and for M = 0.8 for different frequency parameters from = 0.0 to = 3.0 at 0.25 increments have been evaluated by using the present method and taking m 1 = m 3 = 6, m 2 = 8,
It should be noted that the value = 0.0000001 is taken for the calculations instead of = 0 in order to avoid numerical break down. The real and imaginary parts of numerical values of Q ij ,= 1(1)3, j = 1(1)3 are given in Tables 4,5, and 6. The airforce coefficients from Table 6 are plotted in Figures 4 and 5 . Figure  4 shows the variation of the in-phase components Q′ ij and Figure 5 shows the inquadrature components Q′′ ij , i = 1(1)3, j = 1(1)3 of the airforce coefficeints against frequency parameter respectively.
CONCLUSIONS
The generalised airforce coefficients for a cruciform-tail configuration oscillating in an airstream of flow speed at M = 0.8 have been calculated using the present cruciform-tail theory and comparisons between the present and NLRI doublet-lattice airforce cofficient matrices are in reasonably good agreement ( Table 1) . It is worth noting that the NLRI doublet-lattice method did not impose the condition that the sum of loadings is zero at the junction chord and this may contribute to the discrepancies between two methods. It is seen that the approximate generalised airforce coefficients are more sensitive to the variations of chordwise loading points n than spanwise loading points m.
Using the present theory, computed results of generalised airforce coefficients for T-tail and inverted T-tail in Table 2 again show a similar good agreement compared with those obtained using the NLRI method, though they compare better with those obtained using Davies' T-tail theory as expected because the same kernal function method is employed and the same junction condition is imposed in both theories. At almost zero frequency parameter, the motions in modes 1 and 3 resulted in zero steady incidence of the cruciform-tail configuration with respect to the airstream and consequently the inphase components of the airforce coefficients Q′ ij for i = 1(1)3 vanish due to oscillatory modes 1 and 3, i.e., j = 1 and 3, as shown in Table 4 . The results computed at both the zero and moderate frequency parameters in Tables 4 and 5 show that, however, the dihedral angle ff has appreciable effect on the side force and yawing moment coefficients, Q′ ij , i = 1 and 2 when the cruciform-tail configuration is oscillating in roll about its junction, i.e., when j = 3. Conversely, the rolling moment coefficients Q′ ij , i = 3 are also very sensitive to dihedral angle when the cruciform-tail configuration is undergoing lateral translation and yawing motions, i.e., j = 1 and 2.
At zero diherdral angle and throughout the range of frequency parameters from = 0.0 to 3.0, it is confirmed from Figures 4 and 5 that the rolling mode has a very feeble effect on both side force and yawing moment coefficients (Q ij ,
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Theoretical determination of subsonic oscillatory airforce coefficients for cruciform-tail configurations Figure 3 . In-phase airforce coefficients, M=0.8 i = 1, 2; j = 3). Equally the rolling moment coefficients (i = 3) due to lateral and yaw modes (j = 1, 2) are small in comparison to other coefficients over small to moderate values of frequency parameter up to = 2.0. Figures 4 and 5 show that, however, all airforce coefficients exhibit small but noticeable undulations over the entire range of frequency parameters considered here.
